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Background

= Future scenarios featured by URLLC

Factory Automation Extended Reality (XR)
mssd)  Short-to-medium length codes




Background

= Capacity-approaching codes

[ Turbo codes ] [ LDPC codes ] [ Polar codes ]

n is large — randomness & iterative decoding, channel polarization

= Good short-to-medium length codes
BCH codes TBCC Polar codes PAC codes
(OSD) (Circular Viterbi) (SCL) (Fano)

n is short-to-medium — near ML decoding, list decoding




Background

= Near ML decoding performance: rate R = 1/2 & length n = 128 [1]
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[1] M. Shirvanimoghaddam et al., “Short block-length codes for ultrareliable low latency communications,” IEEE Commun. Mag., vol. 57, no. 2, pp.
130-137, Feb. 20109.



BCH Codes

Encoding of BCH codes

Primitive element of F,n: o

(n, k) binary primitive BCH code < Codeword length: n = 2™ — 1

Ceculn, k] _ Designed distance: d = 2t + 1

0 Generator polynomial: g(x) = go + g1 + - + gn_xx" ¥ € F,[x] is the minimal (deg g(x))
nonzero polynomial such that
g(o‘) = g(o‘z) —— g(O'Zt) =0

4 Message f = (fo, f1, - fr-1) € F5 , inpoly. f(x) = fo + fix + -+ fr_1x*7 € F[x]

Codeword ¢ = (cg, ¢y, ..., Cp—q) € FZ,inpoly. c(x) = ¢y + c1x + -+ c_1x™ 1 = f(x)g(x) € Fy[x]

_/

Parity-check condition: c(o) =c(6?) =+ =c(0?) =0 :



BCH Codes

Encoding of BCH codes

0 Generator matrix:

(9o 91 - Gn-k O 0
] b [
0 0 g0 G In-k
Encoding process: ¢ = f-G
0 Parity-check matrix:
[ (0)° (@) o (o) B
H (0.2)0 (0.2)1 (O-Z?n—l e B b
_(O.Zt)O (O.Zt)l (O.Zt)n—l_ D
Parity-check equation:
c(0) =c(c?)==c(c?) =0 c-HT=0

Parity-check matrix of
the (n,n — 2t) RS code



BCH Codes

Decoding of BCH codes

0 Hard-decision decoding (utilizing algebraic structure)

Berlekamp-Massey (BM
P y (BM) e Efficient — algebra fluency & hardware friendly

Euclidean —)>

A

* Limited performance

Guruswami-Sudan (GS)

0 Soft-decision decoding (utilizing soft information)

Ordered Statistics Decoding (OSD) * High performance (~ ML)
>

Algebraic Chase decoding (Chase-BM, Chase-GS) * High complexity & latency




Soft-Decision Decoding

Unreliable information Reliable information o
| Reliability
| (LLR)
Decoding Re-encoding
0 Algebraic structure - Information set
o Equation system = 0 Systematic generator matrix

(Syndrome-based or interpolation-based)

Low-latency OSD: use Ggg to replace Ggcgy

Hybrid soft decoding: use algebraic Chase decoding to identify test error patterns (TEPS)



Ordered Statistics Decoding

Overview of OSD

Systematic Generator matrix Ggcpy

_ Codeword Optimal
LLRs GE Encoding candidates codeword

\ 4

MRIPs

\ 4

Test messages

A

TEPs

« GE: Gaussian elimination

* LLRs: log likelihood ratios
* MRIPs: most reliable independent positions
 TEPSs: test error patterns
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Ordered Statistics Decoding

Construct the systematic generator matrix

2 Channel

* Received LLR sequence: L = (Ly, L4, ...,L,—1) € R"

« Hard-decision received word: r = (1y, 14, ..., Tp—1) € 5

1 Sort based on reliability and determine the most reliable independent positions (MRIPS) \
r, = A(r) = (170’771’ ""r}'n—1) |Lj0| = |Lj1| =R |Lfn—1|
Gaussian

a Construct the systematic generator matrix Geey elimination

11



Ordered Statistics Decoding

Generate BCH candidate codewords

0 Re-encoding process

oy . £(0) _ k
Initial message: f( ) = (15, Tj,0 s T, ) EF5
+

Test error pattern: e = (e;”), e/, ..,e[”) ) €FY & = 0,1, ..., Nygp, — 1

Test message: f®) = (f;’ (@) i (@) f]i“’)l) € F¥

BCH codeword candidate: 8@ = (&), &, .., @)y = ATH(f) - Gyeyy) € FY
0 Number of TEPs (= number of BCH codeword candidates)

OSD with order r wmp dy(e(®,0) <7

o= ()¢ ()4 (9

N Number of TEPs e st dy(e,0) =1

Repetitive
processing

(parallel)

12



Ordered Statistics Decoding

Challenges of OSD

J Exponential complexity

e 7—OSD complexity: O(k*)

J Decoding latency bottleneck <

* GE

<

.

Reduction of TEPs: skipping rule; stopping rule

Trade off with performance: multiple bases; validation rule

Trade off with storage: box-and-match algorithm

Offline computed systematic generator matrices

> Only an auxiliary method

L Alternative solution? Utilize algebra of the code

13



Low-Latency OSD

BCH codes and RS codes
0 Subfield subcode

Given two linear codes € c F} and €' c Fom, if C = €' N F}, C is called the subfield subcode
of C' over FF,.

JLemmal
An (n, k) t-error-correcting BCH code defined over FF, is a subfield subcode of an (n, k') t-
error-correcting RS code defined over F,m. i.e., Cgcyln, k, 2t + 1] = Crg[n, k', 2t + 1] N FY

BCHcoded =2t+1<n—-k+1

=P Dimension: k < k'
RScoded=2t+1=n-k'"+1 (MDS)

U Example 1

The (7,4) BCH code is the binary subcode of the (7,5) RS code

14



Low-Latency OSD

Basic idea of low-latency OSD (LLOSD)

l GE (sequential)
GBCH
Test message Candidates
2 0SD H m - E
i B ‘N v
4 LLOSD a ) -
1 0B I H B B
Test message G Candidates

t Lagrange interpolation (parallel)

15



Low-Latency OSD

Generation of Ggg

o Encoding of an (n, k") RS code
Message u = (uo,ul, ...,ukr_l) € Fkn ,inpoly. u(x) =ug +uyx + -+ uk/_lx""1 € Fom|[x]

Codeword v = (u(ag), u(@y), ..., u(ap_1)) € Fym

N N N
Vo V1 = VUn-a
g, A4, ..., &,_1 € F,m \{0} are the code locators

Example 2 For a (7, 5) RS code over Fqg
Message u = (2,3,5,0,1), in poly. u(x) = 2 + 3x + 5x% + x*
Codeword v = (u(1),u(2),u(4),u(3),u(6),u(7),u(5))=(50,4,7,6,1,3)

o Fgis an extension field of FF,, defined by p(x) = x3 + x + 1

o INTFg, {0,06%0%,0%03,0%0%0% ={0,1,2,4,3,6,7,5}

16



Low-Latency OSD

Generation of Ggg

4 Determine the MRIPs

. g _
Permuted received word: ' = A(r) = (7,75, - 1j,_,) +——— ILj | =1|Lj| = =1L; ||

Most reliable positions (MRPS): MRIPS
0 = {Jo, J1, ---»fk’—l} ' ! )
Jo | J1 SU [ 'R R ) I D7 I I
0% = {rjk's1r 0 dn-1 Y '
10w -1 o (MRPs) oc

MDS property — MRPs are linearly independent

For RS codes: MRPs <= MRIPs

17



Low-Latency OSD

Generation of Ggg

. k' . .. .
Message u = (7,7, ..., 7,,_) € Fan, defined by © = {jg, j1, ... jx'_1}

0 Construct the Lagrange interpolation polynomials

X — aj’
o= || =
aj ajl

J'€0,j %]
where T;(a;) = 1, and Tj(a;7) = 0 if j' € ® and j' # j.
0 Form the systematic message polynomial of u = (j,7j,, ..., 7j,,_,)
Hy() = ) 1T(0)
JEO®
systematic message symbols r;, if j € ©;

Hy(a;) generates {
parity-check symbols, if j € 6°¢.

18



Low-Latency OSD

Example 3

Given a (7,4) BCH code and an LLR sequence L = (—2.447,5.115,—4.771,—1.349,—-7.096, 0.443, —3.485)

J Mother code: (7,5) RS code
1 Hard-decision received word: r = (1,0,1,1,1,0,1)

0 MRPs: 0 ={4,1,2,6,0}

o Lagrange interpolation polynomials:

T, () X—a X—0Q; X—Qg X— Qg T, (0 X—Qp X—0p X—0g X— A

4_x = . . . 1x = . . .

Oy — A1 Ay — Ay Ay — Ag Ay — Ay 1 — Ay A1 — Ay A1 — Qg A1 — A

T(x)_x—a4 X—a1 X—0Ug X—Q T (x) = T XX X~ XAy

. — ) ) ) — — — —
az_a4 al_az az_a6 az_ao a6 a4 a6 al a6 aZ a6 aO
X—ap X—Q X—ay X— g

To(x) = - - -

Qo — Ay Ag— Q1 Ay — Ay Ay — Qg

19



Low-Latency OSD

Generation of Gg

u; =(10,0,..,0) 7 [ codeword of u;,
u; =(0,1,0,..,0) codeword of u;,

w, = (0,0,0, ..., 1) ] codeword of uj, |

:7‘[_. ((ij,) }[Ejo (ajn—l)

— G = |0, 0 Tl e (@)
/ SO0 A Ty (@) Py, @)
(I f 1
k/x kl ajo C(jl ajk,_l ajk, ajn—l
identity submatrix \ Y A Y /
© (MRPs) 0°

20



Low-Latency OSD

Generation of Ggg

0 The row-i column-j entry of Ggg :

n-1
aj =1
N — L Ljre@cjr#j
Hy,(a) = \ g Hy, (@) =
(2 — ;) o (@ —ay) a; (@ — ajr)
j'€0,j#i L Ljleoc,j'#j
where j € 6°
10| = k' 0| =n— k'

0 Relationship: systematic generator matrix & systematic parity-check matrix

o Complexity of the generation of Ggg: 2n - min{n — k', k'}



Low-Latency OSD

Generation of Ggg

o Example 4 continues from Example 3 with MRPs being © = {4,1, 2, 6,0}

u, =(1,0,00,0) — H,x= X—a X—@ X~ X—&

fa™ @ Gam @ e ™l e ™o 0 0.0 { 5
_ X — a4_ X — az X — a6 X — ao ___________ e

u; =(0,1,0,0,0) — H, ()= : . :
- al - a4 a1 - az al - a6 a’1 - ao
_ X — Uy X — 0 X — Ug X — Uy
22 - (O! Ol 1; Ol 0) —— j—[uz (X) = . . . > G =

= X—0y X—0A1 X—0p X —Qg
Ug = (Or O, O) 1; 0) — }[Eé(x) = . ) .
O — Ay Og— A1 Ug — Uy Ag — U

A 4

0 O

R

uy = (0,0,0,0,1) — Hyo() = . | L
B o — Ay Ay — A1 Ay — Ay Ay — U

—_— = O O O
)
)
Ul B =D
—n O O O O M-

A3~ @3~ @ U3~ @ A3~ do
}[u4(a3) = . . . =5 LOCators ao al az as a4 as
u Ay =0 Ay =0y Ay — A Ay — &
& e
a4‘(a4-_a5) PURRRSE
‘7—[“4 (a3) R S 5
- az(az—as)

22



Low-Latency OSD

Generation of BCH codeword candidates

0 Generate the initial codeword:

" _ k'
Initial message: ¥ = (T, Tjy s 75, ) € I

~ 0) (0 ~(0 ~(0 .
Initial RS codeword: 2@ = (%5, 91, ., D52)) = U - Ggs vj( '=7,vj€0

o Generate any (n, k') systematic RS codeword:

r(w) _ ( ,(w) /(w) ,(w) )€ [Fk

A PR

r(w)

The w-th test error pattern: e
The w-th test message: u®@ =u+e

The w-th systematic RS codeword: 9@ = (5,5, ..., 0*)) € Flm

(@) = u(® . Grs = D@ + " - Gpg

23



Low-Latency OSD

Generation of BCH codeword candidates

o Theorem 2 (Identify invalid TEPS)

~(0) _ , ¢ @)
If vj + ZiEG,ei’(w)iO }[ﬂi(a]) € {0)1}; V] € 0", v Is a BCH codeword.

@C
0 Example 5 continues from Example 4 0 0 0 5/1\3 0]
iy _ wu=(10111 010 40 20
Initial message u=( ) Ges=10 01 1 0 1 0
Initial RS codeword: ¥ =u-Ggs = (1,0,1,5,1,3,1) 10.0.0 4.0 3 1]

410 0.5 0_2_ o0l
Test error pattern 1: e'W =(0,0,0,0,1) \ + /

Systematic RS codeword 1: M =9 + 'MW . Gg =(0,0,1,0,1,1,1) — BCH codeword
t 1 candidate

Test error pattern 3: €' =(0,0,1,0,0)

Systematic RS codeword 3: 3 =90 + G . Grg = (1,0,0,%,1,%,1) — Invalid

24



Low-Latency OSD

= Overview of LLOSD

LLRs

Sequential Parallel
Gaussian | Codeword OSD
elimination candidates
The optimal
codeword
Lagrange .| Codeword
polynomials candidates LLOSD
Parallel Parallel

25



Low-Latency OSD

Complexity comparison of LLOSD and OSD

Algorithms Operations Complexity
GE n - (min{n — k, k})? 0 Key differences
Compute ¢(®) k-(n—k)
Operation type : binary — finite field
OSD @ | compute e@ | (n—1k)- 7, A(%)
Find ¢, n- 25:0(2) Compute Gy / Ggs : 0(n*) - 0(n?)
Compute Ggs | 2n-min{n — k', k'} sequential — parallel
Compute B k'-(n—k"

LLOSD (1) Candidate list : £3_o(%) = Np_gr = Nygy

Compute (@) Zﬁzl('j) +7 Z?';"il N

Find ﬁopt nNn_k’

N;: is the number of TEPs that yield binary symbols after the j’ th judgement as in Theorem 2. 26



‘ Low-Latency OSD

= Performance of the (63, 45) BCH code, AWGN, BPSK

1.E+00 _ )
0 Complexity and latency comparison
1.E-01 - . SNR Complexity Latency
Algorithms -
(dB) | Fo/Fgq oper. | Floating oper. ()
4 2.78 x 10% 81 6.58 x 102
1.E-02 - 0SD (1) 5 | 2.60x 104 19 5.34 x 102
|
e 6 |[2.56 x 10 8 5.06 x 102
"'i . 050 (0 4 1.81 x 10* 15 1.99 x 103
' > LLOSD(3) 5 5.21 x 102 8 4.36 x 102
—LLOSD (1) 6 || 2.58 x 10° 7 1.32 x 102
LE-04 - —A—LLOSD (2)
' —5-LLOSD (3) Simulation environment: Intel core i7-10710U CPU
teos L ML Stopping rule: ML criterion [2]
1 2 3 4 5 6
SNR (dB)

[2] T. Kaneko et al., “An efficient maximume-likelihood-decoding algorithm for linear block codes with algebraic decoder,” IEEE Trans. Inf. Theory, vol. 40, no. 2, pp.
320-327, 1994. 27



Low-Latency OSD

= Re-encoding complexity distribution: LLOSD (3) of the (63,45) BCH code with ML criterion,
SNR =5.0dB

frequency

10, e Terminate at | Ratio Ave. #Additions
| I Prase (1) Phase (0) 87.89% 171
Al _—ree 0 0
107" Phase (1) 9.22% 181
Phase (2) 0.18% 273
02| Phase (3) 2.71% 04,216
m-—i 0 Reasons for Multiple Peaks
l For the re-encoding phase of TEPs with
10-4|§ a larger weight
| « The complexity is greater
oo MMNNEY 1 ., « The ML criterion is more difficult to
0 200 400 600 800 9.35 9.4 9.45 9.5 Satlsfy

finite field add operation x10%

» The probability of finding a BCH

Colors are used to distinguish the phases that the re-encoding terminates at .
codeword is lower

Phase (i): the re-encoding phase for weight-i TEPs

28



Low-Latency OSD

Segmented variation of LLOSD
o Analysis

« The error probability of the LLOSD is upper bounded by

Pe 1LosD(T) < Poymy + Piist (7)

* PeMmL: ML decoding error probability,
depends on the weight distribution of the code

Pjis:(7): List decoding error probability,

= Prob{the channel introduces more than t errors in MRPs}

Jo

J1

o | Jk=1

o Tk -1

jk’

Jn-1

Y

® (MRPs)

@C

29



Low-Latency OSD

Segmented variation of LLOSD
O For OSD

d
if T2 min{[Z - 1} , k} — The list error probability of OSD: Pjjs¢(7) < PemL
MRIPs

— The OSD can produce ~ ML decoding performance

— We only need the decoding order of 7 for the MRIPs

4 For LLOSD
TEPs: gI(CU) — (er]{g)),el}lw)’ ...,8,](:)_)1,8,}:)),8’(0))

\\ A

A

\

Jo

J1

Jre—1

. jk’—l

Ji!

Jn-1

(W)

Jrewr? 0 € gy

Y Y

® (MRPs)

T, = min{E — 1] , k} is sufficient extra order 7,

T (k' T [k T,
Number of TEPS Nygps : z ( ) — z ( >Z
i=0\ ! i1=0 \l1

i2=0

(

k' —k

2

Y

)

30




Low-Latency OSD

1.E+00

1.E-01 -

1.E-04 -

1.E-05

Performance of the (63, 45) BCH code, AWGN, BPSK

=

-6-0SD (1)
—<LLOSD (1)
—A—LLOSD (2)
—E=—LLOSD (3)
—e—Seg. LLOSD (1] 45, 3)

—

[~

2 3
SNR (dB)

0 Complexity and latency comparison

Algorithms SNR Complexity Latency
° (dB) | Fof/Fgq oper. | Floating oper. (pes)
4 2.78 x 10% 81 6.58 x 102
0SD (1) 5 2.60 x 10% 19 5.34 x 102
6 2.56 x 10% 8 5.06 x 102
4 1.81 x 104 15 1.99 x 103
LLOSD (3) 5 5.21 x 103 8 4.36 x 102
6 2.58 x 10? 7 1.32 x 102
4 3.69 x 103 8 2.71 x 102
Seg. LLOSD | 5 2.64 x 103 7 1.44 x 102
(11453 | ¢ [245x10° 7 117 x 102

Stopping rule:

ML criterion

Simulation environment: Intel core i7-10710U CPU

31




Low-Latency OSD

Concatenated perspective

o Systematic parity-check matrix Crs[n, k'] Systematic generator matrix
A(Hgs) = [P L] ) ] A(Ggs) = [I,r  PT]
_ systematic parity-check matrix of an (n, k")
(0) AN .
2. Row permutation PO P@ 1 _.: binary code C*[n, k']
n—
(1) e
A(Hgcy) = P; O (over IF,) b (@) Cgculn, k] punctureolgn the positions in 6
 pm-1) o | P* = ; . parity-check matrix of C’]?CCH k', k]
p(m-1)
0 1fu@ . pT =0, let @ = AL (u@ . [lk’ P<0>T])
= ¢ Hgey =0 & &) € Cyey
(w) k' (w) e° ¢c(@) = ylw) .
u e€F = Grs €EC
— 2 | Parity-checker of punctured U € Cren | Systematic encoder of RS code £ “ RS = TBCH

»
» » »

BCH code C&-y[k', k] @w® . pT = ) Crs[n, k'] with information set ©

32



Low-Latency OSD

Concatenated perspective

(w) k' () e° @ = y) . p-1 )T
u e _ u'®’ ec (4 u I, P
_ ? | Parity-checker of punctured | = BCH | systematic encoder of binary code ([ k D
BCH code C&-y[k', k] @®@ . p" = 0) C*[n, k'] with information set ©
o Example 6
1 1 1 0 0 1 0] 1 1 1 0 0 1 07
1 01 1.1 0 O 0O 1.1 1 0 0 1
H[1a3aa1o]IFszIF£”ooooooorowperm-1011100:H
B7le* 1 6% 65 o* 0 1 0111001 1011100 BCH
1 01 1.1 0 O O 0 000 0O
1 01 1 1 0 Ol L1 0 1 1 1 0 0.

(1) u®@ =(1,0,1,1,0): u® - P*" = (1,1,0,1)

e = u@ . (1,1,1,0,00T = 0

(2) u) = (1,0,1,0,0): u® - PT =0 —{ % |
66 = E(O)) * (0; 11 1) 11 O)T = 1

= ¢(® =(1,0,1,1,0,0,1)

33



Low-Latency OSD

Concatenated perspective
0 For LLOSD (1) T

kl
Ntgps - Number of TEPs Nreps = Z ( i >

Ngcy - humber of BCH codeword candidates:

0 Theorem 3

If the channel condition is sufficiently good (SNR — o)

T
= Npcy = ZAL'
i=0

A;: number of weight-i codewords in C’SEH k', k]

« The set of punctured positions ©€ varies for each decoding event, and A4; varies accordingly

T T

kl
Yay (%)
(=0 0 l

i=

u In general

34



Low-Latency OSD

Concatenated perspective

0 The number of BCH codeword candidates Ngcy in decoding the Cgcy[63,45] and Cgcyl[31, 21]

10
9 - —s Simulation, LLOSD (3)
g Theoretical, LLOSD (3)
-=%=-Simulation, LLOSD (2)
71 NN - Theoretical, LLOSD (2)
§ 6 | (63, 45)BCH
= /
5 x
(S 31, 21) BCH
4 o (31, 21)
- L
3 e o o o o e e ---------::-2‘-"-_-__ = N e s -
2 I I
2 4 6 8 10
SNR (dB)

0 Theoretical line
Randomly puncturing n — k' positions of
Cpculn, k], obtaining CScy[k’, k] and its
weight distribution {4;}

\

NTEPS - 30914

NTEPS - 379

35



Low-Latency OSD

The average number of BCH codeword candidates in LLOSD (3) of the (63,45) BCH code

. L Npch
TEP weight #Weight-i TEPs SNR = 2dB 4B GdB
0 1 0.14 0.65 0.97
1 b7 0.27 0.27 0.03
2 1,569 0.56 0.20 0.07
3 29,260 7.10 4.97 3.97

0 Remarks
« The probability of finding a BCH codeword decreases as the TEP weight increases
» Asthe SNR increases, the likelihood of generating a BCH codeword using a weight-0 TEP
increases, while the likelihood decreases when using a TEP of a larger weight

36



Hybrid Soft Decoding

= LLOSD vs. Chase -BM/GS

O It remains challenging to decode longer BCH codes with LLOSD

MRPs & re-encoding Gy LRPs & test-vector decoding

ey |
|
= S - |
i e GE-free and low-latency ® Efficient and hardware friendly |
|
| |
I |
i High decoding performance p-| LLOSD |{=»| Chase-BM/GS |< Good for long codes i
I |
| L |
i e Higher decoding complexity e Difficult to approach ML i
! > ~ I
i i
l ¢ D l
| |
I |
I |
| |
I |

LRPs: Least reliable positions 37



Hybrid Soft Decoding

Integrating LLOSD and Chase-GS decoding

i LLOSD i
i GRs ! Optimal
LLRs : » TEPS ¥ » Re-encoding : col?jeword
TEPs

Chase-GS decoding

0o Advantages

= LLOSD output list can be utilized
= Computation sharing

= Low complexity root-finding

38



Hybrid Soft Decoding

Integrating LLOSD and Chase-GS decoding

i LLOSD
LLRs : » TEPs “GRS » Re-encoding : (g%tg\?vilrd
TEPs

Chase-GS decoding

r A N\

Eﬁ:ﬁ:&fé »  Skipping > Rfr-ae:;%?mg » Interpolation » Root-finding
| t % A N |
candidate list 7% Todule basis M odule bacis Ggs
construction reduction

|
Lagrange polynomials

39



Hybrid Soft Decoding

Key steps of HSD

¥ (LRPS)
0 Test-vector formulation A
W = { oy jn-n+1 - jn-1}: 7 l€ast reliable positions (LRPs) 2" — ) L in_"ﬂ v
0 (MRPs) O°
The 2" test-vectors can be formulated as
~ 00...000
(@) (@) 00...001
ATw) = g i s Ty Ty 0 Tjny) | 00,010 0<w<27-1

< 00...011
N4

11...110

~ 11,111 R, T
/// =~ \\\
o Skipping (based on candidate list) .\’/ v ‘}
. . _ : Lt /
Ifdy(¥, r,) <t, r,wil be decoded as v == 1, can be skipped f“)\\ Amming J

N

K sphere ./

~—_

dy(@, r,,): Hamming distance between v and test-vector r,,
40



Hybrid Soft Decoding

Key steps of HSD

0 Re-encoding transform (based on the initial RS codeword)

Initial RS codeword (from LLOSD): ﬁ(o) = u - Ggg € Fym
Transformed test vector: z, =1, — 7" = A(Z,) = (0,0, ...,0, Zj(:,))' ""Zj(:i)l)

Finding a Grébner basis of the interpolation module
M, ={Q € Fym[x,y] | deg, Q < 1;Q (aj,zj(w)/v(aj)) =0,Vj € 0%}
o Interpolation =— module basis construction (based on the Lagrange polynomials)

Interpolation points: zj(“)) @
((X- ,0), ((1- ,0), __,,(a. , ’0)’ (C(- ”#’) ""(a'n— ’ Jn—1 )
\ Jo J1 Tk’ -1 ' \Jk v (ajk,) Jn—1 V(“jn_l)l

Y Y

Interpolated by V(x) = Hje@ (x —a;) Lagrange interpolation

41



Hybrid Soft Decoding

Key steps of HSD

o Interpolation — module basis construction (based on the Lagrange polynomials)

Seed polynomials:

Go=]] c-e) & R =) 100

je®” jeoe

Forr, (z,), module M, can be generated by
Computed in generating Ggg

» The Grobner basis of M,

Pw,l(x»y) =Yy - Rw(x)
‘ The interpolation polynomial

+(0) + ()

Qw(xr y) = V(x)Qw (x) + Quw (x)y

<||: Pyolx,y) =G(x) Basis reduction



Hybrid Soft Decoding

Key steps of HSD

0o Root-finding
(0)

V(x)Q5" (x)
Q5" (x)

Estimated message polynomial: i, (x) =

o Lemma4
The evaluation values of polynomial i, (x) over MRPs form a TEP of the LLOSD, i.e.,
e, = (ly(a;,) ty(aj), ..., Uy (@,,_.))
Codeword candidate of LLOSD: 5 = ¢/ . Ggg + D
Codeword candidate of Chase-GS: B, = (i, (g), i (@), -, fip, (an_1)) + D
= (ﬁw(ajo),ﬁw(ajl), e, Uy, (ajk,_l)) . Ggg + @

= éw - Grs +2(0)
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Hybrid Soft Decoding

Key steps of HSD

o Partial root-finding (based on Ggs)

The estimated TEP e, = (i, (;,), Uy (@),), .., Uy, (ajk,_l)) can be determined as

1, if Q5 (a) =0
0, (a)) ={ vj €0

0, otherwise

The estimated codeword ¥, can be generated as Provided by Chase-GS

Vo = (U0 (@), U (@},), ) By (@, )) - Grs + D = &, - Grs +

\ J
Y

LLOSD
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Hybrid Soft Decoding

= Performance of the (63, 39) BCH code

1.E+00
1E-0L - 0SD (1)
Complexity: 4.08 x 10*
(BOPSs)
1.E-02
c LLOSD (3)
I -=-0SD (1) Complexity: 4.45 x 103
1E-03 --0SD (2)
—-LLOSD (2) HSD (L, 6)
~-LLOSD (3) " Complexity: 2.71 x 103
1E.04 | = ¥HSD (1,4)
<¢HSD (1,6)
——HSD (1, 8) SNR: 5 dB
1.E-05
1 2 3 4 5 6

SNR (dB)
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Hybrid Soft Decoding

Performance of the (255, 223) BCH code

1.E+00 4 ‘
—— LLOSD (2)
\E Complexity: 1.27 x 10*
1.E-01 -
0SD (1)
Complexity: 2.71 x 10°
1.E-02 - (BOPs)
i ——0SD() PLCC (6)
1.6-03 | | ~E-PLCC(6) |~ Complexity: 4.67 x 10*
--A--PLCC (8)
—6—LLOSD (2)  HsD(L®)
1E-04 | | —>HSD(L4) N\ . Complexity: 1.56 x 10*
—==—HSD (1, 6) -
—2—HSD (1, 8) _
e - SNR: 5.5 dB
3 3.5 4 4.5 5 5.5 6 6.5

SNR (dB)

PLCC decoding is the progressive variant of the Chase-GS 46



